Minimal realization of the Orbital Kondo effect in a Quantum Dot with two Leads 
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We demonstrate theoretically how the Kondo effect may be observed in the transport of spinless 
electrons through a quantum dot. The role of conduction electron spin is played by a lead index. 
The Kondo effect takes place if there are two close levels in the dot populated by a single electron. 
For temperatures exceeding the Kondo temperature T ^ Tk, the conductance is maximal if the 
levels are exactly degenerate. However, at zero temperature, the conductance is zero at the SU(2) 
symmetric point but reaches the unitary limit G = e^/ft for some finite value of the level splitting 
Ae ~ Tk- Introducing the spin-1/2 for electrons and having two degenerate orbital levels in the dot 
allows to observe the 5'?7(4)-Kondo effect in a single dot coupled to two leads. 

PACS numbers: 72.15.Qm, 73.63.Kv, 73.23.-b, 73.23.Hk 



I. INTRODUCTION 

For several decades the Kondo effect H has been one of 
the most attractive and widely investigated many body 
phenomena in solid state physics ■ Experimental obser- 
vation of the Kondo effect in quantum dots (QD) also 
predicted almost two decades ago f5| , started a new wave 
of interest in the field. The minimal realization of the 
Kondo effect requires a single electron channel with spin, 
coupled to the impurity spin. This may not necessarily 
be a true spin, but also some internal degree of freedom 
leading to the orbital Kondo effect. Since in transport 
experiments the QD is coupled to two leads, the ques- 
tions why the spin is necessary for the development of 
Kondo correlations and why the two leads cannot cause 
an orbital Kondo effect arises. For a single active discrete 
level in the QD, one lead may be effectively decoupled by 
a simple unitary transformation 4] , eliminating any spin- 
less Kondo behavior. This could cause a belief that there 
is no Kondo effect in a single dot without spin. However, 
as was already shown in Ref. 0], having several orbital 
levels in the dot will cause no decoupled lead to exist 
and enable the Kondo correlations without spin. As we 
will show in this paper, the transport through such a 
QD has a very peculiar form, where both the tempera- 
ture and gate-voltage dependencies are nonmonotonous. 
At zero temperature the conductance vanishes for ex- 
actly degenerate levels Ae = when the (pseudo)spin is 
completely screened, while it reaches the unitary limit at 
finite level splitting Ae « 2.43Tff, where the screening 
is only partial. (Similar behavior for a related double 
dot system was found recently in Ref. @] using the func- 
tional renormalization-group approach.) On the other 
hand, at high temperatures the conductance is maximal 
at the degeneracy point. Such rich transport properties 
in the Kondo regime clearly call for an experimental ver- 
ification. 

If the spin degeneracy is present in addition to the two 
close orbital levels, the 5J7(4)-Kondo effect develops in 
a single QD with two single-channel leads. Again the 



conductance of a QD in the vicinity of S'J7(4) degener- 
ate point has a peculiar gate- voltage and/or temperature 
behavior. This behavior may be used for spintronics ap- 
plications, as suggested in Ref. for double-dot devices. 

Even for two degenerate levels in the closed dot, the 
Kondo correlations do not always develop. Virtual elec- 
tron jumps from the QD to the leads and back both shift 
the single electron energies in the dot [1, and induce 
an effective coupling between localized states, which lifts 
out the degeneracy. Consequently, in order to reach the 
SU{2)/ SU{A) symmetric point, one needs to tune two 
parameters, the level splitting and the non-diagonal ma- 
trix element, which in the following we will parameterize 
by two components of the effective magnetic field, Bz 
and Bx ■ Such two-parameter tuning in a single QD may 
still be easier experimentally than manipulating the dou- 
ble QD. Concurrently, the effective magnetic field depen- 
dence of the conductance may serve as an indication of 
the orbital Kondo effect in a single QD. 

We first consider the case of spinless electrons, where 
analytical results are easily available for both T ^ Tk 
and T <^ Tk- This case may be achieved experimentally, 
for example, by lifting the spindegeneracy with an exter- 
nal magnetic field (see below). The 5'C/(4)-Kondo effect 
will be considered in the concluding part of the paper. 

Experimentally both orbital and 5[/(4)-Kondo effects 
were observed recently in carbon nanotube QDs fioj . The 
effect in this case originates from the extra valley degen- 
eracy of electronic states in carbon nanotubes, which thus 
takes place both in the QD and in the leads. Several the- 
oretical papers addressed the possibility of having orbital 
and S'C/(4)-Kondo effect in nanotubes, double QDs and 
QDs with several leads 0, [HI, Reference @ first 

predicted the possibility of orbital Kondo effect in the 
case of QD coupled to two leads. In both carbon nan- 
otubes and double QDs the orbital and/or S'[/(4)-Kondo 
effect should be seen in the whole Coulomb blockade val- 
ley separating two charging resonances. The emphasis of 
the current research is on surprisingly rich conductance 
behavior of the QD with two leads in the Kondo regime, 
which develops in a narrow region in the parameter space 
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near the degeneracy point. 



III. THE KONDO HAMILTONIAN 



II. EFFECTIVE INTRADOT HAMILTONIAN 

The Hamiltonian of a quantum dot with two close lev- 
els (j — 1,2) coupled to two leads {L,R) has the form 

ik j ij 

ijk 

Here, dj (cki) annihilates the electron at the level j in 
the dot (the one with momentum k in the lead i); Ej 
(sfc) are the electron energies in the dot (lead); U is the 
charging energy of the dot and tji are the dot-lead cou- 
pling matrix elements. We take all tji to be real. (This 
requires that while the Zeeman splitting of spin-up and 
-down states exceeds the energy difference of two close 
levels, the magnetic field is parallel to the plane of the 
dot or small enough to not affect the orbital states in the 
dot). When the Fermi energy ep in the leads is chosen 
as Sj < ep < s'j + U, the dot is charged by one electron. 

In the second order of perturbation theory two pro- 
cesses lead to the renormalization of the single-particle 
interdot Hamiltonian: Electron jumps from the dot to 
the lead or vice versa, both followed by the return of an 
electron. The corresponding matrix elements calculated 
in [9*] are (see a similar calculation for the Anderson im- 
purity model in Ref. [Tsj): 



V,,i = (5,> 



2tt ^ |£;-eF| 



(2) 



— '^'^t^'^i^i^ jf tiitji, i,j label the level indices 



Here T ^ 

1 or 2 and E = {Vu + V22)/2. For simplicity we assume 
the same density of states i' — dn/de in the two leads. 
The Hamiltonian of the isolated dot now takes the form 



H,^EJ2dld, + ^Y.4d^d]d, 



BS, 



(3) 



where S = "^ij d\(7ijdj /2 and the only nonzero com- 
ponents of the effective magnetic field are — 2Vi2 
and B2 = Vii — V22- We assume that \B\ <C U, while 

The QD Hamiltonian, Eq. ([1]) , formally coincides with 
the Hamiltonian of the double-dot system tunnelcoupled 
to two shared leads, investigated in Ref. Conse- 
quently our result for the conductance in the spinless 
case found in Sec. V for strongly developed Kondo corre- 
lations ([/ ^ r,T = 0) closely resembles the correlation- 
induced resonances found in that paper for intermediate 
values of U/T. 



A convenient way to define the pseudospin states is 
to perform unitary transformations of both dot and lead 
states to diagonalize the matrix UiTU\, where the ma- 
trix T is formed by the tunnelling matrix elements tij 
[Eq. (HI)] and the unitary matrices Ui{Ud) operate in the 
lead-index (dot-level) space. Fortunately, in the case of 
interest to us, this procedure is simplified. In order to 
have strong Kondo correlations, the effective Zeeman 
splitting in the dot should be small compared to, e.g., 
the widths of the levels (we require both components 
Bx ^ Bz to be small, not the vanishing of one of them). 
This, in particular, implies |ri2| <C max(rii, r22). Since 
ri2 ~ '^tiit2i, a simple rotation in the lead-index space 
(angle a, tan a = tm/tiL ~ —t2L/t2R) allows to define 
the mixed lead states, each coupled to one of the levels 
in the dot with the tunnelling matrix elements 



*2L+* 



2R- 



(4) 



The standard Schrieffer-Wolf transformation leads us 
now to the Kondo-type Hamiltonian 



ki 



£kcliCki + J (s^Sx + SySy) + J^s^S^ + BS, (5) 



where s = J2kqij '^ki^ij'^qj /'^^ ^^'^ dropped out irrel- 
evant terms describing electron scattering without spin- 
spin interaction. 

The bare exchange spin-spin scattering amplitudes 



JzO 



{tl + tl)u 



\E-ep\{E-ep + U) 



, Jo 



2tit2 



(6) 



are renormalized by integrating out the electron states 
in the leads with — £i?| > D. The corresponding 
renormalization-group equations have the form 



-J2 , J' 



(7) 



Here the derivative A' = dA/d{i'\nD). The two dif- 
ferential equations have an " integral of motion" , A — 
^ Jl ~ J"^ — constant. A simple calculation now gives 



Jr ~ Acoth 
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exp 



Ai^ ' t2 



(8) 



where Tk is the Kondo temperature. 

Once the renormalization of the spin-spin interaction 
becomes sufficient, J{D) ^ Jq, one may neglect the dif- 
ference between J and J^. Then, the scattering on the 
impurity become SU (2) invariant and we may again per- 
form a rotation in the pseudospin space leading to 



Hk = 



ks 



£kcl^Cks + JsS + BSz 



(9) 



where B = ^jBl + B^. The lead spin states are 

Ck-f = CCkL +SCkR , Ckl ^ -SCkL + CCkR, (10) 
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FIG. 1: The conductance of a quantum dot (|ll9p as a func- 
tion of B /Tk for sin2(^ = 1. Lower short-dashed hne: high 
temperature conductance, T = 15Tk, but with only non- 
spin-fiip processes taken into account, Eq. p2p . The cut off in 
Eq. ([8]) is chosen in a form D — \/B^ + T^ . Long-dashed line: 
the same T = 15Tk, but with the spin-flip current added, 
Eq. (|14p . The conductance is doubled at B <^ T. Lower 
solid line [5'I7(2)]: exact Bethe-Ansatz at T = [Eq. (fTT)) ]. 
The conductance vanishes at B = and reaches the uni- 
tary limit, G — /h, at B = 2A3Tk- Upper solid line: 
schematic conductance (divided by 2) in the case of two or- 
bital levels with spin [Eq. (|2ip ]. The conductance vanishes at 
the 5(7(4) symmetric point, 5 = 0, and reaches the unitary 
limit, G = 2e^/h, at \B\ 2> Tk- The conductance at high 
temperatures in the case with spin is qualitatively similar to 
the conductance for spinless electrons, having a pronounced 
maximum at B = [Eq. ([T9)) ]. 



where c — cos (j), s — sin cj) and the angle (j) includes two 
contributions, the rotation of lead states which diago- 
naUzes the matrix T = (tij ) and the rotation of both the 
lead-electron and the dot spins in order to align the z axis 
with the direction of effective magnetic field 
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(11) 



IV. THE LINEAR CONDUCTANCE 

First we consider the situation where the Kondo cor- 
relations are developed but have not reached the unitary 
limit, vJq <^ vJ <C 1. Let also the temperature T and 
the voltage eV — sp^ — £Fr be small compared to the 
effective Zeeman splitting in Eq. B :$> T,eV. Then 
the spin projection of the QD is always Sz — —1/2 with 
no fluctuations. The transport is now entirely due to the 
term JszSz sin2(/)^j, c[.^Cfci, in Eq. Q, leading to 
the conductance 



o2 r 



G 



sin 2(f) 



TTVJ{B) 



Bz TTVJ{B) 

"b 2 



(12) 



ent choice of the ratio tm/tiL would lead to a simple ro- 
tation on the {B^, Bz) plane. The Kondo correlations en- 
ter Eq. ([T2|) through the running coupling constant J{B). 

Slightly more complicated is the case of a finite tem- 
perature T 3> T/f . In the spirit of Ref. [14] we may obtain 
the probability to find the dot in one of the spin states 
n| and via the stationary solution of corresponding 
master equation with small applied bias = ^Fh + e.V, 



eMB/T) 



1 



eV 



cos 2(/) 



(13) 



Then, we obtain the conductance, which includes both 
non-spin- flip and spin- flip currents, as follows: 



sin 2(j3- 



"KVJ 



1 



B/T 



sinh(B/T) 



)■ 



(14) 

] may be 
Details 



Here the running coupling constant J [Eq. 
calculated, e.g., at the average D = V-B^ + 
of the derivation of Eqs. and ITU) are given in the 
Appendix. 

Theoretically the ~ (J/Jo)^ increase of the conduc- 
tance due to the Kondo effect may become very large. 
However, since the spin scattering constant J depends 
only logarithmically on the cutoff D [Eq. ([H])], the more 
pronounced in the experiment may be the enhancement 
due to the last factor in Eq. (|14p . which accounts for the 
spin-flip processes near the SU(2) symmetric point. The 
non-spin-flip and spin-flip contributions to the conduc- 
tance may be measured separately in a QD embedded 
into the Aharonov-Bohm interferometer [15] 

Conductance as a function of B in various regimes as 
well as the contour plot of the conductance on the Bz , B^ 
plane are shown in Figs. 1 and 2. 



V. EXACT S-MATRIX 

For T ^ Tk, the electron is only elastically scattered 
on the Kondo impurity and the conductance is deter- 
mined by a single-particle iS-matrix J^6, 17]. In the usual 
case of electron with spin- 1/2 and single- level QD the 5*- 
matrix connects four incoming and four outgoing waves, 
corresponding to two "spin orientations" in the two leads. 
However, only two effective channels acquire a nontriv- 
ial scatterirrg phase, while the other two are completely 
decoupled [J]. In our setup there are only two chan- 
nels with nontrivial phase behavior, corresponding to the 
two pseudo-spin directions, and the 5-matrix in terms of 
these effective channels entering the Kondo Hamiltonian 
Eq. © has the form [H] 



S = 





-2iS 



(15) 



In the last formula we substituted the angle (j) [Eq. ([TT]) ] 
for symmetric dot-to-lead coupling, tm = ti^. A differ- 



where the phase S = 5{B/Tk) increases from to tt when 
B changes from -|-oo to —oo and (5(0) = 7r/2. In order to 
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FIG. 2: Contour plot of the conductance on the Bz,Bx 
plane at T = 15Tk, Eq. (|14p. The conductance is max- 
imal at -B = 0, but the peak has zero width in the Bx 
direction. At zero temperature a valley with conductance 
G[Bz = 0) = develops along the B^ axis, separating two 
peaks with G = (? jh. 

find the S'-matrix in the original L — R basis we perform 
a rotation (c = cos 0, s = sin 0) 

«™-(r;)('re-)(-s:)^ <«> 

The nondiagonal matrix element s'^^'^ — i sin 2^ sin 25 
now determines the conductance 

G = — sin^ 2</> sin^ 2(5. (17) 
h 

The exphcit dependence of the phase 5{B/Tk) is found 
from the Bethe ansatz solution [l^. When approach- 
ing the SU (2) symmetric point the conductance first in- 
creases, reaching the unitary limit {5 — tt/AjStt/A) at 
B ~ ±2.43T/f. It vanishes, however, at the symmetric 
point, 5{0) = n/2 

VI. S(7(4)-KONDO EFFECT 

Taking into account the true electron spin is achieved 
in Eqs. ^ and ([3|) by simply adding an extra index 
to all creation and annihilation operators. The bare 
Kondo Hamiltonian [analog of Eq. ([5])] will now contain 
a number of new operators describing both spin, isospin, 
and mixed spin-pseudo-spin scattering Q. Fortunately, 
the renormalization-group flow of the corresponding con- 
stants at low temperatures (and small level splitting in 
the dot) results in a simple SU{A) symmetric Hamilto- 
nian, known as a Coqblin-Schrieffer model [2l|, 

H^s^j J2 [i'ii'p\P){a\-li'ii'c.m{p\]+BT,. (18) 

a, (3=1,. ..,4 

Here the isomagnetic field B is the same as in eq. (jH]), but 
we have replaced 5*2 by Tz to emphasize that this is an 



isospin operator, |a)'s denote the four states of quantum 
dot, and ipa = Y.k'^ka- 

Integrating out the lead states with je — ei?| > D, in- 
creases the coupling constant J like J ~ 1/ \Yi{D /Tk)- 
This renormalization of Eq. p8| continues until D k, B. 
At D < B the SU{4:) symmetry of the Hamiltonian 
is broken to SU{2) (single level with spin s — 1/2). 
The SU (2) coupling constant is further (logarithmically) 
renormalized with decreasing D, but the corresponding 
increase of the conductance is slower than for the SUjA) 
symmetric case. This effect was interpreted in Ref. |ll| 
as the increase of the Kondo temperature close to the de- 
generacy point (as done before for the case of singlet to 
triplet transition [l^]). However, these SU{A) vs SU{2) 
renormalization group effects change J only through log- 
arithmic corrections. Thus in a large range of variation 
of parameters the most pronounced effect will be the con- 
ductance increase at B < T due to spin- flip processes. A 
straightforward calculation shows that Eq. for intra- 
dot levels occupation remains valid in the presence of the 
true spin and the conductance is given by 

^-¥(-^^~^-2^)^(^ + ^n|w^)- ^''^ 

At zero temperature, electron scattering is described 
by a 4 X 4 5-matrix, which is diagonal in the basis Eq. (fTU]) 

S = diag(e2**i , e^'^i , e^'^' , e^'^' ) . (20) 

When B changes from +oo to —oo, the first phase de- 
creases from 5i = 7r/2 to (5i =0, while the second in- 
creases from ^2 = to (^2 = 7r/2 23]. The S'[/(4) sym- 
metric point B — corresponds to Si =62 — tt/A (see 
Ref. Q for a NRG calculation of phases). Transformation 
to the original L — R basis is done via a rotation, similar 
to that of Eq. (|16p. separately of the pairs of states 1 — 3 
and 2 — 4. This gives (compare Ref. |17| ) 

2p2 

G = am^24)sm^(5i-52). (21) 

h 

As in the SU (2) case [Eq. (fT7|) ]. the conductance vanishes 
at the SU{A) symmetric point Si =62- Away from this 
point the usual spin- 1/2 Kondo effect takes place due to 
transport through the lower of the two levels in the dot. 
The conductance is maximal here since sin^(5i — ^2) ~ 1 
(unitary limit). 

VII. CONCLUSIONS 

In this paper, we discussed how with suitable tuning 
of the dot levels and the couplings to the two leads an 
orbital 5t/(2)-Kondo effect can be realized for spinless 
electrons and a single Quantum Dot. We obtained the 
nontrivial transport properties of this model. Introduc- 
ing the real electron spin results in the 5'?7(4)-Kondo ef- 
fect. A nonmonotonic conductance dependence on the 
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temperature and the effective magnetic field sliould allow 
the experimental verification of our findings. One of our 
important predictions is that the conductance, which is 
zero at the point of complete screening of the dot pseudo- 
spin, B,T — 0, increases all the way up to the unitary 
limit if the ideal screening is destroyed by the effective 
magnetic field. The question what is the maximal value 
of the conductance in case of partial screening due to 
finite temperature remains open. Solving this problem 
would require a Numerical Renormalization-Group solu- 
tion at T around T^. 
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APPENDIX A: FINITE TEMPERATURE 

In this appendix, we present the details of derivation 
of Eqs. (fT5|) .(|14 p . and (|19p for level occupations in the 
dot and conductance in the case of high temperature 
T ^ Tk. Our calculation may be considered as a gen- 
eralization of the method of Ref. [l^. Specific for our 
problem is that the quantum dot is out of resonance and 
the elementary processes which should be balanced in 
the stationary solution of the master equation are not 
adding(removing) an electron to the dot but transmis- 
sion of the electron through the dot accompanied by the 
switch of the dot internal state. Also, in our case, what 
is called the effective spin-up and spin-down states of the 
leads are the quantum superpositions of the true left and 
right lead states. Applying a finite bias to the QD, one 
changes the Fermi energy in the left-right leads and not 
in the spin up-down effective leads. 

The second and third terms in the Hamiltonian Eq. ^ 
may symbolically be written as 



J, 



(Al) 



= BS. + -[5,(|T)(TI - li)(il) + 5+|i)(T| + 5_|T)ai], 

where, for example, ||) — c\-^. In terms of the original 
left and right lead operators we may write 



where c = cos(/), s = sin(/) pO|l and \L) = J2k ^kL' \^) = 
EfccL- Similarly 

s- = \i){M= (A3) 
= -cs(|L)(L| - \R){R\) s^\L){R\+c^\R){L\. 

Now we may write a detailed balance equation for the 
probabilities to find the dot in states up(-t-) and down(— ). 
For example, 

n+ = cx n_{c2s2[(/'^^/^+^) + 

n+{cV[(r-/--^) + (r«/«-^)] 

+c'^{f'^g^^-B) +S-^{f^^g^'^-B)y (A4) 

Here / is a Fermi function for electrons in the lead, g — 
1 — /, and we also introduced symbolic notations 



1 



1 



1 + cxp {x - ei)/T 
1 \ da; 5e-^ 



(A5) 



l + cxp(a;-£2)/Ty T 1 



where 5 — {e2 — ei)lT. 

For zero bias, eV = 0, Eq. (jA4p transforms into 



2sinh&/2 



(A6) 



where h ~ B /T. Now let the Fermi energies in the two 
leads be different 



Epi^ = + eV. 
In this case, instead of Eq. (|A6p , we get 

n+ cx n_ I 1 — (c — s ) 



^2 s^' 



T db) -I 
eV d 



(A7) 



(A8) 



T dhj l~e-^ ' 
Finally, we end up with the remarkably simple expression 



eV 

1 - — cos 2(j) 



(A9) 



There is a nontrivial noncquilibrium distribution even 
for B — Q. This is because of the electrons are injected 
through the leads, which are themselves the superposi- 
tions of pseudospin-up and -down states. 

Conductance through the QD described by the Hamil- 
tonian Eq. ^ may be split into several contributions. 
First, the non-spin- flip transitions through the ground 
state n_ n_ give 



2s, 
(c^ 



IT>(T|-Ii)(il= (A2) 

s^){\L){L\-\R){R\) + 2cs{\L){R\ + \R){L\), 



In. 



— —eVn. 
h 



-2cs 
2 



(AlO) 
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The overall coefficient may always be recovered by 
comparison with Eq. I|12p . Transitions (non-spin- flip) 
through the excited state differ only by the factor n+ 
instead of n_. Similarly the transitions with flipping the 
impurity from the ground state n_ n+ give 

Here v = eV/T. The first term in the r.h.s. of Eq. (|A11|) 
describes the charge transfer from the left to the right 
lead, and the second term accounts for for the charge 
transfer from the right to the left lead. Similarly the 
n_|_ —^ ri- contribution reads 

In,^n_ = ^{B + eV)n+ [Jc'] \_l_,_,^ (A12) 

Straightforward calculation now gives Eq. HH). 

To make explicit the analogy between the SU{A) and 
SU{2) cases we rewrite the term in the Hamiltonian 
Eq. © describing the spin-dependent scattering in the 
notations used in Eq. (US]), 

(A13) 



The only difference between the spin scattering in the 
SU{4:) and SU{2) forms is now in the relative amplitude 

of potential scattering J2 l<^)('^l J2 V')jV'/3- The potential 
scattering, however, does not lead to any spin-flip pro- 
cesses and, in our geometry, even does not contribute to 
any current at all. Indeed, in the potential scattering 
term, one may always perform individual unitary rota- 
tions of lead and dot operators so that each lead will be 
connected to its own level. The electron in this case may 
oscillate between lead and connected level, but will never 
be transferred from one lead to another. 

Equation (|A4[) is still valid in the case of S'C/(4) Hamil- 
tonian Eq. (|18p . Simply now and n_ are the probabil- 
ities to find the dot in the pseudo-spin up or down state 
with any orientation of the usual spin. Consequently, the 
occupation ratio n^jn^ is still given by Eq. (jA9[) . only 
now n-|_ + n_ = 1/2. 

In the calculation of the conductance one should take 
into account that since potential scattering does not con- 
tribute to the conductance and since the flip of usual spin 
does not cost any energy, the contributions to conduc- 
tance due to processes with and without flip of spin coin- 
cide. Thus the calculation become almost trivial. First, 
one replaces J by 2 J in Eqs. p2)) . and (fT4|) due to a dif- 
ferent definition of the strength of Kondo interaction in 
Eqs. (dS]) and (|A13[) . Second, the conductance is dou- 
bled due to the processes with flipping of the usual spin. 
Thus, we obtain Eq. (fT9l) . 
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